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Optimal Ternary Constant-Weight Codes
With Weight 4 and Distance 5

Hui Zhang, Xiande Zhang, and Gennian Ge

Abstract—Constant-weight codes (CWCs) play an important
role in coding theory. The problem of determining the sizes for
optimal ternary CWCs with length n, weight 4, and minimum
Hamming distance 5 ((n,5,4)s; code) has been settled for all
positive integers n < 10orn > 10andn =1 (mod 3) with
n € {13,52, 58} undetermined. In this paper, we investigate the
problem of constructing optimal (n,5,4)3 codes for all lengths
n with the tool of group divisible codes. We determine the size of
an optimal (n,5,4); code for each integer n > 4 leaving the
lengths n € {12,13,21,27,33,39,45, 52} unsolved.

Index Terms—Constant-weight codes (CWCs), group divisible
codes (GDCs), ternary codes.

1. INTRODUCTION

ONSTANT-WEIGHT codes (CWCs) play an important
C role in coding theory [26]. Binary CWCs have been ex-
tensively studied by many authors with the focus of attention
on the function A(n,d, w), which denotes the maximum cardi-
nality of a binary code of length n, minimum Hamming distance
d, and constant weight w.

Nonbinary CWCs have not received the same amount of
attention, but there have been a number of papers dealing
with this topic, see for example [3]-[5], [7], [11], [12], [25],
[29], [32]-[36], and [40], due to several important applications
requiring nonbinary alphabets, such as the coding for band-
width-efficient channels [9] and the design of oligonucleotide
sequences for DNA computing [24], [27].

In [29], some methods for providing upper and lower bounds
on the maximum cardinality Az(n,d,w) of a ternary code with
length n, minimum Hamming distance d, and constant weight
w were presented, and a table of exact values or bounds in
the range n < 10 was also given. We list the exact values of
As(n,5,4) for codes with length n no greater than 10 in Table L.
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TABLE 1
BOUNDS ON A5(n,5,4) FOR n < 10
n 415 6 | 7 8 9 10
A3(n,5,4) | 1| 2| 4] 7] 13| 19 | 30

Generalized Steiner systems GS(2, k,n, g) were first intro-
duced by Etzion [10] and used to construct optimal CWCs over
an alphabet of size g + 1 with minimum Hamming distance
2k — 3, in which each codeword has length n and weight k. A
lot of work has been done on the existence of a GS(2, k,n, g);
see, for example, [2], [8], [10], [13]-[15], [17], [21]-[23], [30],
[31], [37], and [39]. In [23], Ji et al. proved that a GS(2,4,n, 2)
exists if and only if » > 10 and n =1 (mod 3) with the pos-
sible exceptions n € {13,52,58}. Equivalently, we have the
following lemma.

Lemma 1.1: For any integer n > 10,n =1 (mod 3), and
n & gliﬂ, 52, 58}, there exists an optimal (n,5,4)3 code with
n("T_l codewords.

The concept of group divisible codes (GDCs), an analog of
group divisible designs (GDDs) in combinatorial design theory
[16], was first introduced by Chee et al. in [6]. This new class of
codes is shown to be useful in recursive constructions of CWCs
and constant-composition codes. In [40], GDCs have played a
significant role in constructing CWCs with weight 4 and min-
imum Hamming distance 6. In this paper, we continue to inves-
tigate the construction of optimal (n, 5, 4)3 codes for all lengths
n with the tool of GDCs. We determine the size of an optimal
(n,5,4)3 code for each integer n > 4 leaving eight lengths of
n unsolved.

This paper is organized as follows. In Section II, basic
notations and results in coding theory and combinatorial design
theory are given. In Section III, we shall construct some small
GDCs which will be used in the following sections. From
Sections IV to VII, we will give the constructions for optimal
(n,5,4)3 codes case by case. A brief conclusion will be given
in the last section.

II. PRELIMINARIES

For integers m < n, the set {m, m+1,...,n} is denoted by
[, n]. The ring of integers modulo n, Z/nZ, is denoted by Z,,,
and the set of nonnegative integers is denoted by 7Z>(. For any
two sets X and Y, X X Y denotes the Cartesian product, i.e.,
XxY = {(,y) 0 € X,y €V},

A. q-Ary CWCs

If X and R are finite sets, R~ denotes the set of vectors of
length | X |, where each component of a vectoru € R~ has value
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in R and is indexed by an element of X, that is, u = (Uz)zex
and u, € Rforeachz € X.

A g-ary code of length n is a set C C Zf for some X of
size n. The elements of C are called codewords. The Hamming
norm or the Hamming weight of a vector u € Zf is defined
as [Jul| = |[{x € X : u, # 0}|. The distance induced by this
norm is called the Hamming distance, denoted by dg, so that
dg(u,v) = [Ju = v||, for u,v € Z;\. For any vector u € Z,
define the support of u as supp(u) = {z € X : u, # 0}.

A code C is said to have (minimum Hamming) distance d if
dp(u,v) > d for all distinct u,v € C. To simplify the presen-
tation, when we talk about the distance of a code, we always
mean the minimum Hamming distance of the code. If ||u|| = w
for every codeword u € C, then C is said to be of (constant)
weight w. A qg-ary CWC of length n, distance d, and weight w
is denoted as an (n, d, w), code. The number of codewords in
an (n,d,w), code is called the size of the code. The maximum
size of an (n,d, w), code is denoted as A,(n,d,w), and the
(n,d,w), codes achieving this size are said to be optimal.

The following bound for A,(n, d, w) has been established by
Svanstrom [34].

Lemma 2.1 ([34]):

Ay(n,d,w) < V(q—_

In the rest of this paper, we will use U(n,3) to denote
L% [@JJ It is well known that A,(n,d,w) =
> 2w; hence, we get the following upper bound.

1 when

Lemma 2.2: As(n,5,4) < U(n,3).

B. Designs

A set system is a pair (X, B) such that X is a finite set of
points and B is a set of subsets of X, called blocks. The order
of the set system is | X |, the number of points.

For a set of nonnegative integers K, a pairwise balanced de-
sign ((v, K,1)-PBD) is a set system (X, 18) of order v, such that
|B| € K for all B € B, and every pair of distinct elements of
X occurs in exactly one block of B. If an element k£ € K is
“starred” (written k£*), it means that the PBD has exactly one
block of size k.

Lemma 2.3 ([28]): There exists a (v, {4, w*},1)-PBD with
v > wifand only if v > 3w + 1, and

Hwv=1lord (modI12)andw =1or4d (mod 12);or
2)v="Torl0 (mod 12)andw =7or10 (mod 12).
Let (X, B) be a set system and G = {GY, ..., G, } be a par-

tition of X into subsets, called groups. The triple (X, G, B) is a
GDD when each pair of elements of X not contained in a group
appears in exactly one block, and |[BNG| < 1forall B € B and
G € G. Denote a GDD (X, G, B) by K-GDD if | B| € K for all
B € B. The type of the GDD is the multiset {|G| : G € G}. An
“exponential” notation is usually used to describe the type: type
91" 952 ... g;" denotes u; occurrences of g;, 4 = 1,2,...,1.

A {k}-GDD of type n* is also called a transversal design and
denoted by TD(k,n).

Lemma 2.4 ([1]): Let m be a positive integer. Then
1) a TD(4,m) exists if m ¢ {2,6};
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2) aTD(5,m) exists if m ¢ {2,3,6,10};

3) aTD(6,m) exists if m & {2,3,4,6,10, 14,18, 22};

4) a TD(m + 1,m) exists if mn is a prime power.

As stated in [10] and [39], a (g + 1)-ary (n, d, k) CWC over
Z,41 can be constructed from a given {k}-GDD of type ¢",
(In x Iy, {{i} x I, : i € 1,},B), where I,, = {1,2,...,m}
and d is the distance of the resulting code. For each block
{(i1,a1), (i2,a2), ..., (ik,ar)} € B, we form a codeword of
length n by putting a; in position 4;, 1 < j < k, and zeros
elsewhere. A {k}-GDD of type g™ which forms a code with
distance 2k — 3 is called a generalized Steiner system, denoted
by GS(2,k,n,g).

The following definition of frame generalized Steiner system
was first introduced by Ji ef al. in [23] to construct generalized
Steiner systems.

Letn = hyuy + --- + hyu; and P be a partition of I,, into
u; subsets of size h;, i = 1,2,...,t. Suppose (I,, x I, {P x
I, : P € P},B)is a {k}-GDD of type (h1g)"* ... (h:g)".
For each block {(i1,a1), (i2,a2),...,(ix,ar)} € B, we ob-
tain a codeword of length n by putting a; in position 7;, 1 <
j < k, and zeros elsewhere. If the resulting code has distance
2k — 3, we call such a {k}-GDD a frame generalized Steiner
system (or shortly a frame) of type hi* ... hy*, and denote it by
frame-GS(2, k, (hy" ... hy"), g). Itis clear thata GS(2, k,n, g)

?

is also a frame-GS(2, k, (1"), g).

C. Group Divisible Codes

Givenu € Z;;" and Y C X, the constriction of uto Y, written
uly, is the vector v € Z} such that v = (uz)zey -

Conversely, given v € Z}; and Y C X, the extension of v to
X, written V|X , 1s the vector u € Zf such that

v, ifzeY;
u, = 0,

ifre X\Y.
GivenasetC C Z),letC|* = {v|* : v e C}.

A g-ary GDC of distance d is a triple (X, G,C), where G =
{Gi,...,G,} isapartition of X with |X| =n,andC C Z is
a g-ary code of length n, such that dg (u, v) > d for all distinct
u,v € C, and |Ju]g,|| < 1forallu € C,1 < i < t. Elements of
G are called groups. We denote a GDC (X, G, C) of distance d
as w-GDC(d) if C is of constant weight w. The type of a GDC
(X, G,C)isthemultiset {|G| : G € G}. Asinthe case of GDDs,
the exponential notation is used to describe the type of a GDC.
The size of a GDC (X, G,C) is |C|. Note that an (n, d, w), code
of size ¢ is also a g-ary w-GDC(d) of type 1™ and size c.

The aforementioned notations were first introduced by Chee
et al. in [6]. By the definition of a frame-GS, we have the fol-
lowing lemma.

Lemma 2.5: If there is a frame-GS(2,k, (hy" ... k"), g)
with b blocks, then there is a (g + 1)-ary k-GDC(2k — 3) of
type hy' ... h;"* and size b.

Taking the frame-GSs given in [23], we have the following
lemma.

Lemma 2.6: There exist ternary 4-GDC(5)s of type 3° and
size 60, type 3°6' and size 120, type 2% and size % for
each u € {7,13}, and type 6" and size 12u(u — 1) for each

u € {4,5}.
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The direct constructions of a code or a GDC in this paper are
always based on the familiar difference method, where a finite
group (mostly abelian group Z,,) will be utilized to generate all
the codewords of a code or a GDC. Thus, instead of listing all the
codewords, we list a set of base codewords and generate others
by an additive group or perhaps some further automorphisms.

To save space, for each codeword u = (u,.),ex of a code or
a GDC, we always list the set supp(u) and use a subscript to de-
note the value of u,, for each z € supp(u). The automorphism
group employed always acts on the supports of the base code-
words with the subscripts fixed, if it is not mentioned.

Example 2.1: Let X = Z5p,and G = {{i,i+ 10} : 0 < ¢ <
9}. Then, (X, G,C) is a ternary 4-GDC(5) of type 2!° and size
120, where C is the set of all cyclic shifts of the codewords:

11000200020000000000, 10020100000000002000,
10010000000000020200, 10000012100000000000,
10200000010000001000, 22000000000020020000.

Or equivalently, we can say that C is obtained by developing
the elements of Zo( in the supports of following codewords +1
(mod 20) with the subscripts fixed:

(01711752792) (017517162732)
(01761781772) (017917161722)

(017 317 1527 172)
(027 127 1227 152)

It is easy to see that this ternary 4-GDC(5) of type 210 is
also an optimal (20, 5, 4)3 code since its size reaches the upper
bound in Lemma 2.2.

Example 2.2: Let X = Z1g,and G = {{i,i+4,i+8,i+12} :
0 <4 < 3}. Then, (X, G,C) is a ternary 4-GDC(5) of type 4*
and size 64, where C is obtained by developing the elements
of Z in the following supports of codewords +2 (mod 16)
with the subscripts fixed:

(117817141772) (017517717142)

(12,32,45,149)  (11,41,159,62)
(01;132762772) (117617112702)~

(017 117 217 32)
(11,71,29,49)

Example 2.3: Let X = {0,1,...,29}, and G = {{i} :
0 < i < 23} U {{24,25,...,29}}. Then, (X,G,C) is
a ternary 4-GDC(5) of type 1246 and size 276, where
C is generated from the following codewords, whose
supports are developed under the automorphism group
(024 - 22)(135 --- 23)(24 25 26)(27 28 29)) with
the subscripts fixed:

(12,29,52,72) (
(01,261,92,15) (
(11,281,09,25) (
(117617271732) (11 1217241772
(017141,291752) (
(01,172,82,272) (
( ) (
( )

01, 51,251,202
01,61,211,132

(11,52, 152, 282)
(11,817,105, 115)
(11,82,125,19,)
(117 917 2227 272)
(01, 161, 149, 285)
(02, 135, 162, 265)
01, 239, 42, 245 (11,141,161, 245)
01,41, 165,105

11,21,132,209
(117 517 2217 231 .

The following constructions are simple but useful, which are
given in [6].
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Construction 2.1 ([6]): (Fundamental Construction) Let d <
2(w — 1), (X,G,B) be aGDD, and w : X — Z>( bea
weight function. For any subset § C X, let § = Ues({z} x
Z.,(z))- Suppose LIEt for each B € B, there exists a g-ary

w-GDC(d) (B, {{a} : a € B}.Cp) of type {w(a) : a € B}
and size c. Then, (X, {G : G € G}, UBGB(CB|\)) is a g-ary
w-GDC(d) of type {>,c; w(w) : G € G} and size ) 5.5 CB.

Example 2.4: Take a TD(4,5) (X, G, B) from Lemma 2.4
and apply the Fundamental Construction with weight 4 to every
point (that is, w(z) = 4 for any = € X). For each B € B, there
is a ternary 4-GDC(5) of type 4* and size 64 by Example 2.2
(we call it an input GDC). The result is a ternary 4-GDC(5) of
type 20* and size 1600.

Construction 2.2 ([6]): (Filling in Groups) Let d < 2(w —
1). Suppose (X, G,C) is a g-ary w-GDC(d) of size a. Suppose
further that for each group G € G, there exists a (|G|, d, w),
code Cg of size cg. Then, CU (Ugeg (Ca|™)) isan (| X|, d, w),
code of size a + Y g CG-

Example 2.5: Take the ternary 4-GDC(5) of type 20* and
size 1600 from Example 2.4. We have an optimal (20,5, 4)3
code by Example 2.1. Fill in all the groups with this optimal
code. The result is an optimal (80, 5,4)3 code.

Remark: There is an obvious generalization of Construction
2.2 that allows filling in groups with small GDCs to obtain
GDC:s of larger size. For example, if we fill in all the groups of
the ternary 4-GDC(5) of type 20* in Example 2.5 with ternary
4-GDC(5)s of type 219 and size 120, the result is a ternary
4-GDC(5) of type 240 and size 2080.

Construction 2.3: (Inflation) Let d < 2(w — 1). Suppose
(X,G,C) is a g-ary w-GDC(d) of size c. Let X = X x Z,,
and § = {G x Z,,, : G € G}. Suppose further that there is a
TD(w, m), (supp(u) X Zp, {{z} X Z,, : € supp(u)}, B,),
for any codeword u € C. For each B € B,, form a codeword
vp € Z; with (vg)(s:) = u, for (z,i) € B and zero else-
where. Then, (X, G, Uyec Upen, Vi) is a g-ary w-GDC(d) of
type {m|G| : G € G} and size cm?.

Example 2.6: There is a TD(4,4) by Lemma 2.4. Take the
ternary 4-GDC(5) of type 6* and size 144 from Lemma 2.6.
By Inflation, we obtain a ternary 4-GDC(5) of type 24* and
size 2304. We also call this procedure inflating the ternary
4-GDC(5) of type 6* by 4.

Construction 2.4 ([6]): (Adjoining y Points) Let y € Z>.
Suppose (X, G,C) is a g-ary w-GDC(d) of size c. Let Y be a
set of size y disjoint from X and X’ = X UY. Suppose further
that

1) for a fixed group Gy € G, there exists a (|Go| + vy, d, w),
code Cg, of size cq,;

2) for any group G € G \ {Gyp}, there exists a g-ary
w-GDC(d) (GUY, {{z} : z € G} U {Y},Cq) of type
11G1y" and size cg.

Then, (C1¥') U (€, ) U (Useg (6 (Col ) is an (1] +
Y, d, w) code of size ¢ + cq, + Y geg (Go} €G-
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TABLE II
TYPE AND SOURCE OF STARTING GDCS IN LEMMA 5.2

u Type of GDC Source
9s+ 1 for s > 4 185~ 1181 for s > 4 Lemma 4.4
9s + 4 or 9s + 7 for s > 32 185~ tm! for s > 32 with m € {24, 30} Lemma 4.6
9s+4 or 9s + 7 for s € [13,30] | 185~ 1m! for s =0 (mod 3), 13 < s < 28 with m € {24, 30,42,48,60,66} | Lemma 4.7
49,61, 85,97 245241 for s € {3,4,6,7} Lemma 4.8
76,106, 286 30%30! for s € {4,6,18} Lemma 4.8
67,79, 103, 115, 283 24536 for s € {4,5,7,8,22} Lemma 4.8
58,70, 94 245181 for s € {4,5,7} Lemma 4.8
112 248301 Lemma 4.8
88 30°24! Lemma 4.8
TABLE III
BASE CODEWORDS OF SMALL GDCs OF TYPE 2*
u Codewords
16 (01,11,31,231) (01,61,111,12) (01,302,22,152) (01,71,112,132) (01,181,252,282)
(01,41,171,92) (01,172,182, 82) (01,32,212,292) (01,81,202,312) (01,192,262, 142)

19 (01, 12,62,102) (01,131,292,32) (01,21,172,322) (01,81,202,262) (02,32,172,282) (01,241, 281,232)
(01,61,42,112) (01,11,142,222) (01,71,291,312) (01,92,252,272) (01,181,211,331) (01,271,342,352)
(01,21,141,12) (01, 362,402,52) (01,51,261,282) (01,172,292,322) (01,311,422,372)

22 (01,91,151,42) (01,31,122,302) (01,71,171,202) (01,192,212,352) (02,172,232, 242)

(01,11,152,252) (01,41,281,382) (01,72,182,262) (01,251,331,412)
(01,31,262,72) (01,431,542,22) (01,61,312,382) (01,101,132,472) (01,181,271,481) (01,331,341,422)

28 (01,21,162,192) (01,522,62,202) (01,71,241,292) (01,111,311,102) (01,182,432,452) (01,392,402,512)
(01,412,12,242) (01,51,191,492) (02, 52,352,432) (01, 151,482,122) (01,212,272,362) (01,401,441,342)

Example 2.7: Here is an optimal (30, 5,4)3 code, which is
obtained by developing the elements of Z3 in the following sup-
ports of codewords +2 (mod 30) with the subscripts fixed:

(01,11,31,241)  (11,61,82,132) (01,51, 115,19)
(1175171517282) (0172172017232) (01713172617222)
(01,231,42,85) (11,71,272,92) (11,119,255,45)
(11,91,121,265) (01,252,272,285) (01,214,125,135)
(01,299,52,92)  (01,161,62,172) (11,292, 62,205)
(11,21,131,173) (02,109,132,182) (01,227,102, 165)
(117027227 192)

Take the ternary 4-GDC(5) of type 24* and size 2304 from
Example 2.6. Adjoin six ideal points. Fill in the first three groups
together with the six extra points with ternary 4-GDC(5)s of
type 1246! and size 276 from Example 2.3, and fill in the last
group together with the six extra points with the aforementioned
optimal (30, 5,4)3 code. The result is an optimal (102,5,4)3
code.

In the sequel of this paper, we only consider ternary CWCs
with weight 4 and distance 5, so we simply denote the ternary
4-GDC(5) as GDC.

III. SOME SMALL GDCs AND OPTIMAL CODES

In this section, we present some small GDCs and optimal
codes, which are required in establishing subsequent results.

Lemma 3.1: There exists a GDC of type 2" and size %

for each u € {16, 19, 22,28}.

Proof: For each v € {16,19, 22,28}, let X,, = Z5,, and
G, = {{i,i+u} : 0 < i < u— 1}. Then, (X,,Gu,Cy)
is a GDC of type 2* and size M, where C,, is obtained
by developing the elements of Z5, in the codewords listed in
Table Il +1 (mod 2u). |

Lemma 3.2: There exists a GDC of type 47 and size 224.
Proof: Let X = Zss,and G = {{i,1+ 7,i+ 14,5+ 21} :
0 < i < 6}. Then, (X,G,C) is a GDC of type 47 and size 224,
where C is obtained by developing the elements of Z,g in the
following codewords +1 (mod 28):

(017 1717 427 192)
(017 417 1027 262)
(017 1617 827 252)

(01,125,135,175)
(01,185,245, 275)
(01,104,231, 115).

(017 617 81791)
(017 327 527 232)

Lemma 3.3: There exists a GDC of type 6“ and size 12u(u—
1) for each v € [6,10] U {19}.

Proof: For each u € {6,8,9}, let X,, = Zgy, and G, =
{{i,i4+u,...,i+5u} : 0 <i<wu-—1}. Then, (Xy,Gu,Cu)
is a GDC of type 6 and size 12u(u — 1), where C,, is obtained
by developing the elements of Zg,, in the following codewords
+1 (mod 6u):

u = 6:

(017 227 927 102)
(017 527 827 252)
(017 1317 2917 42)
(017 117 2327 332)

u = 8:

(0172174417 12)

(0172617271792)
(01,301, 22,235)
(01, 32, 152,295)
(01, 72,115, 265)

u =9:

(017 1017 1917 211)
(017 1327 1527 262)
(017 1417 1727 212)

(017 1027 2727 382)
(01,125,185,195)
(01, 215, 392, 445)
(01,229,255,355)
(01,251, 361,425)

(017 2817 3117 292)
(017 3217 1627 312)
(01,145,195, 285)

(01,28;,3141,414)
(01,291,341, 145)
(01,331,372,465)
(01,391, 345, 365)
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TABLE IV
BASE CODEWORDS OF SOME SMALL GDCSs IN LEMMA 3.7

Types

Codewords

12418t

01,11, 31,522)
01,61,511,92)
11,61, 32, 542)
01,171,22,512)
01,261, 12, 502)
01,21,272,612)
01,541, 72,292)
01,51, 142,572)

(02,12,382,531)
(11,241,571, 22)
(11,41,1141,561)
(11,531,232, 82)
(11,601, 62, 322)
(11,611, 02,302)
(11,621,472, 42)
(11,7272627532)

(12,72, 142,562)
(01,114,462, 532)
(01,131, 141, 581)
(01,151,291,531)
(01718272127482)
(01,222,432, 552)
(01,231,411,521)
(01730175617352)

(01,331,391,602)
(01,371,491, 302)
(01,392,422, 642)
(01,412,312,542)
(01,591, 342,192)
(01,611,472,332)
(01,621,102, 372)
(01,641,152,172)

(02,132, 312,601)
(02, 142, 232, 491)
(11,141,272, 622)
(11, 142,192, 642)
(11, 152,462, 602)
(11,181, 242,652)
(11, 182,202,612)
(11,221, 122,592)

(11,231,481, 382)
(11,281,392, 552)
(11,282,352, 502)
(11,301,401, 541)
(11,432,442, 582)
(11,521,112, 222)
(11,631,312,402)
(12,242,302, 602)

125181

02,22,82,772)

01,11, 142, 742)
01,21, 641,312)
01, 31,211, 752)
01,432, 42,682)

(01,81,541,761)
(01,92, 362, 632)
(01,111,771,172)
(01,122,382, 642)
(01,161,611,442)

(01,171,192,692)
01,231,342,652)
01,2427412,712)
01,271,482, 702)
01,311,272,622)

(01,321, 361, 392)
01,341,522, 162)
0173817471,741)
01,411,481, 492)
01,572,462, 772)

(01,601, 232, 322)
(01,651,332,472)
(01,671,372,592)
(01,691, 222,532)

(01,731, 512,582)
(02,122,132, 162)
(02,671, 182,412)
(01,711, 542, 262)

126181

01,21,91,652)
01,31,462,72)
01,41, 841,12)
01,101,871, 52)
01,211,22,172)
01,272,292, 82)

(01,51, 321,331)
(01,761,92,252)
(01,851,282, 32)
01,111, 102, 732)
01,131,572, 762)
01,151,311, 642)

01,212,322,772)
01,221,352, 822)
01,222, 142, 882)

(
(
E
(01,191,392,792)
(
E
(01,231,612,892)

01,342,472, 722)
01,351,641,741)
01,381,521,781)

(
(
(
(
(01, 262,552, 832)
(
E
(01,461, 112,852)

(01,512,582,312)
(01,551,811, 232)
(01,592, 152, 802)
(01,821,522,622)
(01,881,412,192)

(02,721, 412,552)
(02,791,672,682)
(01,251,751, 702)
(01,502, 162, 862)
(02,232, 262, 632)

127181

01,101,921, 92)
01,21, 391, 842)
01,22, 552,912)
01,481,611, 32)
01, 722,752, 12)

02,92, 592, 862)

01,111,191, 942)
(01,121,171,442)
(01,132, 172,962)
(01,181,901, 782)

(
(
(
(02, 82,692, 902)
(
(

(01, 192,462,582)
(01,11,1001, 822)
(01,201,241, 402)
(01,221,112,982)
(01,251,341,292)
(01, 261,321, 692)

(01,271,682,932)
(01,291,911, 542)
(01, 342, 502, 862)
(01,381,531,871)
(01,401, 642,892)
(01,431,102, 302)

(01,482,182,922)
(01,511,572, 332)
(01,522,122, 232)
(01,622,672, 152)
(01, 742,362, 382)
(01,841,312, 532)

(01,931,592, 652)
(01,971,472,802)
(02,861, 172,582)
(02,921, 652,832)
(01,161,612,1012)
(01,301,1014,222)

12818t

01,302, 52,962)
01,351, 72,412)
01, 31,892, 152)
01,32, 342,982)
01,591, 12,992)
01,752,812, 22)
01,1011,552,42)

(01,1041,472,92)
(01,102,112, 312
(01,121,501,571
(017 1417 5727 852
(01,151,842,422
(01, 191,231,932
(01,11,1031, 792

(01,201,331,621)
(01, 202,662, 772)
01,251,832,232)
01, 21,1131, 392)
01,311, 981,592)
01,361,411,902)
01, 362,622,912)

(01,444,961, 732)
(01,512, 532, 632)
(01,701, 192, 262)
(01,872, 352,502)
(01,991, 212, 252)

(02, 32,332,1132)
(01,1051,142,612
(01,1101, 762, 952
(01,114,171,1129
(01,132, 822, 1032

(01,271,922,1112
01,332,462, 1052
01,431,602, 1092

02,432, 782, 1062

(01,91, 301, 1061)
(02,1091, 92,912)

(01,181,281,1102

)
) ( )
) ( )
) (01,491,1081,672)
) ( )
) ( )

01,221,445, 1015

129181

01,241,291, 82)
01,301,851, 52)
01,141,242, 392)
01,151,642, 162)
01,152,352, 702)
01,191, 762, 262)

(01,21,1241,972
(01,311,431,471
(01,331,892,322
(01,341,441, 782
(01,491,292,612

01,701,372,742)
01,81,1091,212)
01,971,402,622)
02, 242, 252, 282)
02,302,422,472)

(01,131,711,1102)
(01,171,1101, 552)
(01,211,1151,412)
(01,281,802,1152)
(01,332, 142,1172)
(01,4071,461,1222)

(01,422, 862,1192
(01,482,502, 1142
(01,652,912, 1129
(

(01, 852, 1062, 472
(02,1081, 332, 852

(01,1211,1002, 32)
(01,1191, 302, 462)
(01,1251,592, 1022
(01,821,112, 1042

(01,1071,672,1132

01,192, 582, 982

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
5017317861782)
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
( )
(01,204, 62, 1162)

(01,521,232,692

)
)
)
)
)
)
(01,221,251, 731)
)
)
)
)
)
(01, 532,602, 662)

(
(
(
(
(
(01,691,761, 712)
(
(
(
(
(
(

01,421,1141,112)

)

)

) )

01,822,962, 1212) )

) (01,1171,932,1012)

) )

(01,411,1161, 842) ) )

(02,102,412,1082) (01,1052,312,1252

(01,52, 72,82)

(017 117 717 202)
(017 217 1717 331
(017 327 4427 502
(01,42,145,285
(01, 62,259,299

)
)
)
).

(01,104,514, 345)
(01,109, 325,475)
(01,114,251,235)
(017 1727 3827 462)
(01,201,421,535)

(01,269, 315,425)
(01,301, 351,165)
(01,461, 225,485)
(01,501, 392,515)
(01,261,215,415)

For u € {7,10,19}, inflate GDCs of type 2" (see Example
2.1, Lemmas 2.6 and 3.1) by 3 to obtain the required GDCs. B

Lemma 3.4: There exists a GDC of type 356! and size 162.
Proof: Let X = {0,1,...,23},and G = {{i,i + 6,7 +
12} : 0 <@ < 5}U{{18,...,23}}.Then, (X, G,C) isaGDC of
type 366! and size 162, where C is generated from the following
codewords, which are developed under the automorphism group
(024 --- 16)(135 --- 17)(18 19 20) (21 22 23)):

(01,15,42,192) (11,31,61,162)
(01,221,72,82) (11,81,62,229)
(01,31,201,22) (01,141,211,99)
(01,32,52,145)  (01,81,171,197)
(11,181,29,32) (09,32,105,185)
(11,211,42,82) (11,111,221,99)

(11,121, 52,20,)
(12,92,1427191)
(01,161,152,222)
(11,102,122,232)
(11,119,159, 215)
(11,141,151,192)

Lemma 3.5: There exists a GDC of type 6“3 and size 12u?
for each u € {4,5}.

Proof: For each v € {4,5}, let X,, = {0,1,...,6u +
2},and G, = {{i,i +u,...,i+5u} : 0 < i < u—1}
U{{6u, 6u+ 1,6u+ 2}}. Then, (X, G, C,) is a GDC of type
63! and size 12u?, where C,, is generated from the following
codewords, which are developed under the automorphism group
(012 -+ 6u—1)(6ubu+16u+2)):

u = 4:
(01,21,151,211) (09,171,102,232) (01,22, 52,115)
(01,32,135,265) (01,251,219,229) (04,72,92,145)
(01,11,192,255) (01,144,264, 159).
u = 5:
(01,41,39,273)  (01,11,145,302) (01,91,121,28;)
(01,492,69,225)  (01,301,22,219) (01,129,164,195)
(01,71,241,12)  (01,81,311,265) (01,112,285,315)
(017827927172)~

|

Lemma 3.6: There exists a GDC of type 12* and size 48u(u—

1) forall u > 4.
Proof: Whenu = 0orl (mod 4)and u > 4, there exists
a(3u+1,{4},1)-PBD by Lemma 2.3. Deleting one point from
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the point set gives a {4}-GDD of type 3“. When v = 2 or 3
(mod 4) and u > 7, there exists a (3u + 1,{4,7*},1)-PBD
by Lemma 2.3. Remove one point not contained in the block of
size 7 from the point set to obtain a {4, 7*}-GDD of type 3*.
Hence, we always have a {4, 7}-GDD of type 3“ for any u > 4
and u # 6.

Start from the aforementioned {4, 7}-GDDs of type 3%, and
apply the Fundamental Construction with weight 4 to obtain
GDCs of type 12 for all w > 4 and u # 6. Here, the input
GDCs of types 4* and 47 exist by Example 2.2 and Lemma 3.2.

For u = 6, take a {5}-GDD of type 4° (see [19]), and apply
the Fundamental Construction with weight 3 to obtain the re-
quired GDC. Here, the input GDC of type 3° is from Lemma
2.6. ]

Lemma 3.7: There exists a GDC of type 12%18' and size
48u(u + 2) for each u € [4,9].

Proof: For each u € [4,9], let X,, = {0,1,...,12u +
17}, and G, = {{i,i+u,...,i +11lu} : 0 < i < u— 1}
U{{12u,...,12u+17}}. Then, (X, G.,C.) is a GDC of type
12418' and size 48u(u + 2), where C,, is generated from the
codewords listed in Table IV, which are developed under the
automorphism group G as indicated next.

For v = 4G = (0 2 4
- 47)(48 5154 --- 63) (495255 -+ 64)(50 53 56 - - -
Foru € {5,7,8,9},G=(012 ---
112u+42 --- 12u+5) (12u+6 12u+7 12u+8 --- 12u+17)).
Foru = 6,G = ((012 --- 71)(72 73 74)(75 76 77)
(78 79 80)(81 82 83)(84 85 86)(87 88 89)). »

Lemma 3.8: There exists a GDC of type 124! and size 72.
Proof: Let X = {0,1,...,15},and G = {{i} : 0 <
i < 11} U {{12,...,15}}. Then, (X, G,C) is a GDC of type
1'24' and size 72, where C is generated from the following
codewords, which are developed under the automorphism group

((048)(159)(2610)(3711)(12 13 14)(15)):

46)(1 3 5

65)).
12u — 1)(12u 12u +

(01721,71712> (117217417122) (317717027142)

(11,02,25,50)  (11,42,72,135) (01,131, 49,115)
(21,62,72,82)  (11,61,9,145) (01,32,105,135)
(01,11,151,82)  (12,42,52,142) (11,121,65,102)
(01,31,62,153) (21,141,02,42) (11,91,114,13y)
(01741 121792) (217317617131) (1277271127141)
(01,51 111,72) (21,01,32,152) (21,151,92,112)
(01,61,22,125) (31,121, 12,25) (31,72, 105,125).

We have the following improvement on Az(n,5,4) forn = 1
(mod 3).

Lemma 3.9: A3(58,5,4)
U(13,3)

= U(58,3), A3(13,5,4) >
— 4, and A5(52,5,4) > U(52,3) — 12.

2711

Proof: Forn = 58, the required code is constructed on Z5g,
and obtained by developing the elements of Z5g in the following
codewords +2 (mod 58):

11,32,52,69)

01,41,472752)
017627927492)
117217517341)
017191 032,32
01,11,002 312

11 241,482 42)
11,375,85,175)
1174‘)174817 2)
1y,61,221,29;)
11,71,552,323)
01 102,112 302

01,445,195, 265)
01,572, 365,42,)
11,104,204, 465)
11,114,18,,575)
11,124,274, 395)

11,217,231, 415)
11, 232, 292, 012)
11, 242, 402, 022)
117332,382740 )
11,351,501,125)
13,10, 275,485)

01,21,141,24;

)

)

)

) (01,171,145, 16
01,22,292,3 2)

1o)

)

)

)

)

)

)

017 181, 102, 202)
01,61,462,5 01,2717412,222)
01,81, 284, 562 )
01,892,214, )
11,134,302, 75 )

01,30, 345, 175
01,311,391, 525
,331,49,18,).

( ( (
( ( (
( ( (
( ( (
( ( (
( ( (11,14;,19;,27,)
(01,211,545,45)  (01,131,375,23)  (
( ( (
( ( (
( ( (
( ( (
( ( (
( (04

For n = 13, the desired code is constructed on
{0,1,2,...,12} with 48 codewords listed next:

(01,72,41,61)  (101,12,81,61) (81,01, 112, 59)
(12,01732782) (112 01,72712) (817417102 31)
(12,02,91,71)  (112,61,11,22) (81,62,121,45)
(21,11,81,00)  (121,91,25,52) (91,417,605, 115)
(21 51,01, 2) (121 99,61, 2) (927111,71 42)
(22,12,42,31)  (11,31,72,121) (01,104,114, 65)
(317517027 2) (1271027527 2) (1017117122742>
(31,61,71,82)  (31,01,91,125) (105,11;,1;,85)
(32 92,11,41) (31,52,21 111) (102,121,01,71)
(42 51,91, 2) (32,91781 111) (111,12,417121)
(52, 71,11,62)  (61,21,102,91) (124,571,101, 32)
(61,32742752) (62712,21,122) (1227327112,71)
(81,22771751) (71721,101741) (122751761,111)
(82 92,22,62) (72,52,82 101) (42,02,102,112)
(02 41,122,52) (72,6271027 2) (82,21,1217112)
(09, 72,111,29) (72,81,92,125) (92,101,112, 3;)

Forn = 52, take a GDC of type 12 from Lemma 3.6. Adjoin
four ideal points, fill in each of the first three groups together
with the ideal points with a GDC of type 1*24' from Lemma
3.8, and fill in the other group together with the ideal points
with an optimal (16, 5,4)3 code to get the desired code. |

IV. CASEOF LENGTHn =0 (mod 6)

In this section, we focus our attention on the determination
of A3(n,5,4) forn =0 (mod 6). For n = 12, we have the
following lower bound.

Lemma 4.1: A3(12,5,4) > U(12,3) — 1.
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TABLE V

BASE CODEWORDS OF SMALL OPTIMAL (7, 5,4); CODES FORn = 0 (mod 6)

n Codewords

18 (01,21,51,81) (11,21,31,92) (01,42,92,142) (11,52,82,112) (01,12,102,112) (11,102,122,162)
(01,91,32,52) (11,61,32,42) (11,51,131,02) (01,172,62,132) (01,41,111,12)

(01,22,32,52) (11,31,202,42) (01,222,72,212) (01,92,132,162) (11,21,122,172) (01,141,151,191)
24 (01,21,61,131 (11,41,222,52) (01,232,82,122) (11,191,82,102) (11,221,92,152) (11,151,212,132)
(01,81,42,142) (11,62,192,02) (01,91,171,192)

36

(11,41,51,141
(11,91,232,82
(01,211, 32,222)

)
)
(01,2],111,92%
)

(01,252,22,212)
(01,311,342, 62)
(01,31,192,272)
(01,41,121,162

(01,52,112,142)

(01,61,221,302)

(02,92,312,322)
13,21,151,314

(11,301, 72, 142)
(11,31,112,312)
(11,62,162,282)

(01,152,262,102) (11,181,102,132)
(01,232,332,352) (11,201,251,212)
(01,251,182,292) (11,202, 262,272)
(01,151,322,172) (11,117,322,342)

42

(01,42,12,262)
(11,31,62,242)
(11,32,82,202)
(01,221,41,272)
(01,271,372,22)

(01,51,141,131
(01,62,342,382

(01,82,242,101
(11,071,401, 344

)
11,201, 142,41)
11,282,52,362)
)
)

11,92,214,25
01,212,292,127)

(01,312, 352, 302)
(01,332,171,129)
(01,351,322,132)
(01,371,192,282)

(01:
(117
(117
(117

115,395, 112)
232, 392,332)
292, 141,302)
322, 262,412)

(11,371,271, 121
(11,372,132,102
(11,352,152,32;
(11,122,131, 192

[NIPNN

48

(01,42,32,242)
(11,31,21,421)
(11,62,22,212)
(01,112,262, 82)
(01,12,362,422)
(01,272,182,51)

)
)
(01,72,202,182)
)
)
)

(01,292,172,62

(01,22,151,122)
(01,41,421,472)
(11,132,82,461)
(11,182,52,102)

(
(
(
(11,22,291,221
(
(
(

11,282,321,51)
(11,372,41,411)
(11,92,221,201)
(11,202,32,172)
(01,232,312,252)

(01,302,212, 282)
(01,311, 131,201)
(01,321,231,222)
(01,322,462,202)
(01,331,142,392)

(01:
(01,
(117
(017
(11:

261,121,192
452,132,3571)
352,152,342)
181, 342,431)
445, 125,335)

(11,472.252,432)
(11,271,171, 429)
(11,322,431,29)
(11,371,292,192)
(11,392,222,307)

54

(11,241, 52,91)
(11,51,381,61)
(01,191,481,22)
(01,202,462, 72)
(01,372,192,31)
(01,471,42,291)

(01,81,441,492
(01,92,152,312
(11,01,402, 342
(11,392,372, 62
(11,431,152, 72
(11,42,145,462

11,532,02,232)
11,92,121,132)
01,112, 182,204
01,121,442,501

01,252,122, 162)
01,262,425, 232)
01,295, 285, 392)
01,302, 132,222)
01,332,212, 142)
01,532, 102,272)

(117
(117
(117
(117
(117
(117

201,501,221)
249, 281,421)
269,472,449)
292, 432,401)
311,441,531)
312,112,362)

(11,391,481,412)
(11,411,502, 35,)
(11,451,522,222)
(11,452, 182,202)
(11,482, 282,332)

60

(01,42,82,102)
(01,81,62,512)
(11,31,392,21)
(01,232,31,161)
(01,371,22,151)
(01,32,132,312)
(01,529,242,52)

(11,121,292,72
(11,161,431,22

(11,252,112,91
(11,412,42,27;
(11,471,71,381
(11,592,342, 142

(

(

( )
( )
(01,231,511,172)
(01,242,371,382)
( )
( )

(01,282,292,481)
(01,311,381,392)
(01,331,452,162)
(01,361,321,501)

01,442,391,261)
01,482,262, 342)
01,492, 302, 252)
01,542,362,472)

(
(
(
(
E
(01,431,422,329)
(
(
E
(01,592,502,572)

(11:
(]-17
(11,
(117
(117
(117

162,512,592)
182,572, 542)
261,222,472)
322,532,192)
335, 275, 10,)
421,361,562)

(11,491, 302,331)
(11,492,401, 522)
(11,541,511,561)
(11,571,362, 242)
(11,129,462, 452)
(11,432.501,101)

66

(01,72,41,12)

(01,11,512,31)
(01,82,22,22)
(11,542,72,81)
(01,]12,242,92)
(01,131,21,332)
(01,61,551,141)
(01, 62,271, 214)

(11 ) 2017 431,32
(11,302,532, 52
(11,331,51,591
(11,362, 242,62
(11,392, 02,552)
(11,41,322,381)
(11,42,451,632)

)
)
)
)
)
)
)
(11,232, 352,82)
)
)
)
)
)
)
)
)

(11,82,652,332)
(11,61,202,102)
(01,152,452,532)
(01,172,182,502)
(01,181,381,531)
(01,252,392,449)
(01,102, 362,191)

(01,301,232,352)
(01,311, 552,202)
(01,371, 132,642)
(01,391,472,342)
(01,412,382,219)
(11,472,382,429)
(01,422, 501,261)

(017
(017
(017
(017
(01,
(11,
(117

571,302,542)
272,562,482)
292,122,192)
441,402,541)
511,432,322)
211,221,311)
421,132,491)

(11,511,341,292)
(11,572,172,612)
(11,602,222,442)
(11,122,412,142)
(11,152,241,502)
(11,352,112,349)
(11,372,162,151)

78

(01,22,222,92)
(11,222,62,82)
(01,311, 62,652)
(01,361,711,31)
(01,362,82,252)
(01,42,642,302)
(01,732,32,492)
(01,752,12,651)
(01,72,472,282)

(01,81,581,621)
(11,131,51,362)
(11,191,42,301)
(11,391,92,692)
(11,32,502,602)
(11,412,52,672)
(11,531,442,72)
(11,551, 22,142)
(11,732,402,02)

(01,101,602,761)
(01,112,182,452)
(01,131,111,611)
(01,172,341,662)
(01,211,192,551)
(01,352,152,231)
(01,402,771,601)
(01,431,381,291)
(01,481,331,261)

(01,512,271, 742)
(01,552,122,162)
(01,562,471,262)
(01,592, 312,342)
(01,632,332,102)
(01,641,392,249)
(01,672,461,692)
(01,722,292,412)

(01:
(017
(117
(117
(117
(11,
(11,
(11:

762,682,442)
772,511,712)
172,182,122)
202, 652,622)
349, 569,472)
381,302,331)
401, 162,532)
512,662,372)

(11,601, 742,541 )
(11,631,235, 43;)
(11,641, 282,29,)
(11,682,231,221)
(11,722‘552,452)
(11,752,192,701)
(11,572,201,731)
(01,751,482,572)

TABLE VI
BASE CODEWORDS OF GDC OF TYPE 19618' IN LEMMA 4.3

Type

Codewords

166 181

(017217791742)
(01,61,602, 72)
(11,691, 42, 52)
(01,111,62,492
(01, 11,161, 142
(01,291,622,82
(
(
(
(
(
(

01,41, 761, 352
01,51, 741,292
01, 52, 162,672

)
)
)
017481,32,302)
)
)
01,721,562, 92)

(01,71,701,532)
(01,871,681, 522)
(02,771,32,522)
(11,151,761, 32)
(11,21,222,272)
(11,41,131,492)
(11,572,62, T42)
(11,72,102,172)
(11,811,482, 92)
(11,81,301,662)
(11,91, 791, 202)

(01,102,572, 782)
(01, 152,272,612)
(01,171,462, 772)
(01,192,262, 702)
(01,211,231,391)
(01,241,361,472
(
(
(
(
(

)
)
01,261, 531,832)
01,281,471,742)
01,282,512,812)
01,311,561,222)

(01,321,451,691)
(01,351, 182, 362)
(01,461,432, 792)
(01,502,422,712)
(01,521, 831,412)
(01,611,592, 732)
(01,652,132, 752)
(01,661, 392,402)
(01,821, 372,582)
(02,102, 362,422)
(02,229,372, 722)

(11,101,771, 442)
(11,112,242, 282)
(11,121,271,692)
(11, 162, 322, 792)
(11,181,801, 562)
(11,192,602, 772)
(11,214,251,311)
(11,231,671,402)
(11,241, 362, 762)
(11,291,412, 802)
(11735178217422)

(11,382,332, 822)
(11,432,452,672)
(11,512,592, 702)
(11,532,292, 352)
(11, 542,632, 832)
(11, 642, 262, 682)
(11,661,612, 23)
(11,741, 522,212)
(12,262, 372, 462)
(12,691, 362, 382)
(12778174127452)
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Proof: The desired code is constructedon {0,1,2,...,11}
with 41 codewords listed next:

(02711,41,71) (91,02 52 61) (31 617217101)
(11,52,81,01) (91,22,31,11)  (32,112,41,2,)
(12721741781) (92702 1o, 32) (51702,31,102)
(12,22,01,62) (01,102 91,2 1) (52,92,101,22)
(31,81,92,71) (01,112 31, 2) (62 102,42,81)
(41, 62,31» 2) (101, 01741 82)  (71,01,101,3z)
(42,21,71,52) (111,21,51,11)  (72,92,102,41)
(42,82,09,22) (111,31,12,42) (91,111, 62,32)
(51,91,72,12) (111,52 7s, 2) (101,81,111,02)
(51,99,42,01)  (119,02,72,21) (42,91, 115, 10;)
(61,71,12,82) (112,11,61,92)  (52,102,115,15)
(62,92,21,82) (112,62,51,71) (71,102,22,111)
(81722761701) (11,32,82,107).

[ |

Lemma 4.2: As(n,5,4) = U(n,3) for each n = 0
(mod 6), 18 < n < 66,0orn = 78.
Proof: For n = 30, the required code is constructed in
Example 2.7. For the other lengths 7, the required codes are
constructed on Z,,, and obtained by developing the elements of

Z,, in the codewords listed in Table V 42  (mod n). |

Lemma 4.3: There exists a GDC of type 156181 and size
2211.

Proof: Let X = {0,1,...,83},and G = {{i} : 0 <

i < 65} U{{66,67,...,83}}. Then (X,G,C)is a GDC of type
19618! and size 2211, where C is generated from the codewords
listed in Table VI, which are developed under the automorphism
group ((024 --- 64)(1 35 --- 65)(66 67 68)(69 70 71)
(72 73 74)(75 76 77)(78 79 80)(81 82 83)). |

Lemma 4.4: There exists a GDC of type 18" and size
108u(u — 1) for all w > 4.

Proof: For u > 4 and u # 6, the proof is similar to that of
Lemma 3.6. Here, the input GDCs of types 6* and 67 are from
Lemmas 2.6 and 3.3.

For u = 6, inflate a GDC of type 6° (see Lemma 3.3) by 3 to
obtain the required GDC. ]

Corollary 4.1: A3(18u,5,4) = U(18u,3) for all u > 4.
Proof: Take GDCs of type 18" from Lemma 4.4 and fill in
all the groups with optimal (18, 5,4)3 codes from Lemma 4.2.
The results are optimal (18u, 5 )3 codes for all u > 4. |

Lemma 4.5: As(18u + 30,5,4) =
u € {3,4}.
Proof: For u = 3, take the GDC of type 15618! in Lemma
4.3 and fill in the group of size 18 with an optimal (18,5,4)3
code to get the desired code.
For u = 4, the desired code is constructed in Example 2.7. B

U(18u + 30, 3) for each

Lemma 4.6: There exist GDCs of type 18“m! and size
108u(u — 1) 4+ 12um for all u > 31 with m € {24, 30}.
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Proof: Take a TD(6, 3t) from Lemma 2.4, and apply the
Fundamental Construction with weight 6 to all points in the first
four groups, 3z points in the fifth group, and y points in the
last group, where x = O or 3 < z < ¢,y € {1,2}. The
other points are given weight 0. The input GDCs of types 62,
6°, and 6° are from Lemmas 2.6 and 3.3. The result is a GDC
of type (18t)*(18z)!(6y)*. Adjoin 18 ideal points, and fill in
the first five groups together with the ideal points with GDCs of
types 18t+1 or 182+ to get a GDC of type 184+ (6y + 18)1.
The result is a GDC of type 18“m! with m € {24,30}, where
u = 4t 4+ z can take any integer no less than 31. |

Corollary 4.2: As(18u + m,5,4)

u > 31 with m € {24, 30}.
Proof: Take the GDCs of types 18“m! for all u > 31 with
m € {24, 30} from Lemma 4.6. Fill in the groups of the GDCs
with suitable codes of small lengths from Lemma 4.2 to obtain
the desired codes. |

= U(18u + m, 3) for all

Lemma 4.7: There exist GDCs of type 18“m! and size
108u(u — 1) + 12um foreachu =0 (mod 3),12 < u < 27,
with m € {24, 30,42, 48,60,66}.

Proof: Take a TD(10,9) from Lemma 2.4 and apply the
Fundamental Construction with weight 6 to all points in the first
four groups, y points in the last group, and 3z; points in the +th
remaining group for 1 < ¢ < 5, and weight O to all the other
points to get a GDC of type 54*(18z1)" - - - (18x5)' (6y)! for
xz; € {0,3},y € {1,2,4,5,7,8}. The input GDCs of type 6°
for s € [4,10] are from Lemmas 2.6 and 3.3. Adjoin 18 ideal
points, and fill in the groups together with the ideal points with
GDCs of type 18* except for the group of size 6y to get a GDC of
type 18212 %1 (6y+18)! forz; € {0,3},y € {1,2,4,5,7,8}.
The result is a GDC of type 18%m?! foru =0 (mod 3), 12 <
u < 27, with m € {24, 30,42, 48,60, 66}. |

Corollary4.3: A3(18u+m,5,4) =
12 < u < 29 with m € {24, 30}.
Proof: Take the GDCs of types 18%m! for each v = 0
(mod 3),12 < u < 27, withm € {24, 30,42, 48, 60,66} from
Lemma 4.7. Fill in the groups of the GDCs with suitable codes
of small lengths from Lemma 4.2 to obtain the desired codes. ll

U(18u+m, 3) for each

Lemma 4.8: The following GDCs all exist:

1) type 24* and size 192u(u — 1) foru € {4,5,7,8};

2) type 30" and size 300u(u — 1) for w € {5,7,19};

3) type 24"36' and size 192u(u + 2) for u € {4,5,7,8,22};
4) type 24"18" and size 96u(2u + 1) for u € {4,5,7};

5) type 24%30! and size 14592;

6) type 30°24! and size 8400.

Proof: The required GDCs of types 24* foru € {4,5,7,8}
are obtained by inflating GDCs of types 6" (see Lemmas 2.6 and
3.3) by 4.

The GDCs of types 30" for u € {5,7,19} are obtained by
inflating GDCs of types 6" (see Lemmas 2.6 and 3.3) by 5.

The GDCs of types 24“36 for v € {4,5,7,8,22} are ob-
tained by applying the Fundamental Construction with weight
4 to {4}-GDDs of type 6“9! (see [20, Th. 1.6]).

For GDCs of types 2418 foru € {4, 5,7}, take a TD(5, u)
from Lemma 2.4, and remove a point to get a {5, u}-GDD of
type 4“(u — 1)'. Apply the Fundamental Construction with
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BASE CODEWORDS OF SMALL OPTIMAL (7, 5,4); CODES FOR n = 5
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TABLE VII
(mod 6)

n Codewords
17 | (01,11,31,71) (01,51,12,22) (01,32,52,102) (01,62,92,152) (01,81,122,162)
23 (01,11,31,71) (01,12,22,172) (01,52,72,192) (01,62,102,162) (01,91,182,212) (01,101,151, 142)
(01,111,32,82)
29 (01,101, 72,82) (01,221,62,162) (01,21, 141,251) (01,92, 142,182) (01, 201, 152,222) (01, 102, 122, 282)
(01,51,131,12) (01,28y,32,202) (01,52,112,192)
35 (01,11,31,342) (01,91,201,12) (01,292,129, 142) (01,51,131,231) (01,82,152,192) (01,212,262,292)
(01,41,92,222) (01,191,42,302) (01,32,172,232) (01,71,132,322) (01,214,102, 282)
(01,11,92,232) (01,181,72,102) (01,51,131,241) (01,31,351,322) (01,341,202,282) (01,252,342,362)
41 (01,42,52,262)  (01,391,12,192) (01, 62,132,182) (01,211,251,372) (01,112,152,392) (01, 142,242,402)
(01,121,261, 22)
(01,32,92,452) (01,21,211,431) (01, 72,322,342) (01,91,161,222) (01, 142,302,372) (01,141, 262,292)
47 (01,101, 52,332) (01,42,182,192) (01,81,321,351) (01,111,212,382) (01,171,282,412) (01,172,252,352)
(01,11,402,442) (01,51,341,362) (01, 82,202,462)
(01,91,12,42) (01,11,241,511) (01, 111,214,361) (01,131,461,312) (01,311,491,172) (01,411,232,462)
53 | (01,51,72,522) (01,82,302,322) (01,112,222,272) (01,152,162,362) (01,371,242,432) (01,451,332,422)
(01,61,92,192) (01,102,372,492) (01, 122,252,292) (01,262,442,512) (01,391, 142, 202)
(01,22,232,532) (01,81,431,142) (01,151,571,502) (01,251,531,581) (01,451,551,122) (01, 132, 382,402)
59 (01,32,422,572) (01,91, 102,562) (01, 152,212,372) (01,292,412,482) (01,461,182,362) (01,221,401,272)
(01,42,282,322) (01,111,192,202) (01,201,271,561) (01,381,242,332) (01,471,222,392) (01,442, 552,582)
(01,72,172,432)
(01,111,12,52) (01,41,331,582) (01, 132,222,602) (01,211,352,612) (01,421,621,302) (01,491, 102,642)
65 | (01,241,32,62)  (01,42,185,285) (01,162,372,562) (01,232,362,522) (01,431,481,125) (01,412,462,48;)
(01,21,91,591) (01,551,92,212) (01, 172,452,512) (01,261,401,531) (01,461,242,572) (01,471,322,492)
(01,11,311,392) (01, 72,272,422) (01, 202,622,632)
(01,21,31,52)  (01,71,331,252) (01,151,562,672) (01,201,322,332) (01,282,312,572) (01,402,642, 702)
71 (01,42,92,652)  (01,82,202,472) (01,152,222,532) (01,212,422,462) (01,292,482,662) (01,501,611,172)
(01,141, 12,442) (01,102,242,592) (01,161,651,552) (01,241,371,602) (01,321,112,692) (01,621,452,682)
(01,431,72,622) (01,121,414,6671) (01,19172717671) (01,262, 342,432) (01,361,142, 162)
(01,21,721,312) (01,42,332,672) (01,82,162,472) (01,221,622,712) (01,362,482,582) (01,652,662,812)
(01,31,191,792) (01,51,152,392) (01,122,502,822) (01,222,242,432) (01,371,731,782) (01,751,272,642)
83 (01,32,302,562) (01,601,22,742) (01,141,561,752) (01,261,112,802) (01,451,541,632) (01,341,651,821)
(01,401712,772) (01,61,501,262) (01715172127382) (01,3017511,581) (01,452,702,732) (017462,5127692)
(01,41,631,322) (017 72,132, 552) (017 172,532, 572)
(01,52,72,142)  (01,831,62,362) (01,182,442,642) (01,321,711,112) (01,482,712,772) (01,652,752, 792)
(01,12,592,872) (01,91,141,662) (01,202,622,842) (01,352,402,882) (01,491,621,432) (01,661,152,302)
89 (01,21,101,701) (01,102,492,612) (01,261,851,722) (01,411,212,862) (01,511,881,222) (01,691,132,342)
(01,22,392,742) (01,151,242,322) (01,311,431,671) (01,441,781,472) (01,512,672,852) (01,861, 162,782)
(01,42,372,822) (01,161,331,412) (01,312,502,632) (01,471,821,732) (01,6171,272,282)

weight 6 to all the points in the groups of size 4 and three points
in the group of size u — 1, and weight O to the remaining points.

The result is a GDC of type 24"18!.

For a GDC of type 24%30!, take a TD(5,8) and remove a

V. CASEOFLENGTH 7 = 2 (mod 6)

In this section, we will determine the value of A3(n,5,4) for
alln = 2 (mod 6). It is easy to prove that if there exists a
GDC of type 2* and size % foru =1 (mod 3), then

point to get a {5, 8}-GDD of type 437!. Apply the Fundamental
Construction with weight 6 to all the points in the groups of
size 4 and five points in the group of size 7, and weight O to the
remaining points to obtain a GDC of type 24%301.

For a GDC of type 30°24!, take a TD(6, 5), apply the Fun-
damental Construction with weight 6 to all the points in the first
five groups, 4 points in the last group, and weight O to the re-
maining points to obtain a GDC of type 305241. |

Corollary 4.4: A3(18u+m,5,4) = U(18u+m, 3) for each

u € [5,11] U {30} with m € {24, 30} or (u,m) = (4, 24).
Proof: Take the GDCs constructed in Lemma 4.8. Fill in
the groups of the GDCs with suitable codes of small lengths
from Lemma 4.2 to obtain the desired codes. |

Summarizing Lemmas 4.1, 4.2, and 4.5, and Corollaries 4.1
— 4.4, we obtain the main result of this section.

Theorem 4.1: Az(n,5,4) = U(n,3) for all integer n = 0
(mod 6), n > 18; A3(12,5,4) > U(12,3) — 1.

we have an optimal (2u, 5,4)3 code.

Lemma 5.1: There exists a GDC of type 2" and size

foreachu=1 (mod 3),7 <u < 34, oru € {40,43,52}.
Proof: Foru € {7,10,13,16,19, 22, 28, 40}, the required
GDCs are from Examples 2.1 and 2.5, and Lemmas 2.6 and 3.1.

For each v € {25, 31,43}, take a GDC of type 12° for s €
{4,5,7} (see Lemma 3.6). Adjoin two ideal points and fill in
the groups together with the ideal points with GDCs of type 27
to obtain a GDC of type 2%.

For each u € {34,52}, take a GDC of type 12518! for s €
{4,7} (see Lemma 3.7), adjoin two ideal points, and fill in the
groups together with the ideal points with GDCs of types 27 or
210 to obtain the required GDC. [ |

4u(u—1)
3

4u(u—1)
3

Lemma 5.2: There exists a GDC of type 2" and size
foreachu =1 (mod 3), u € {37,46,49} or u > 55.

Proof: Take the GDCs of types gtm! for g € {18,24,30}

and m € {18,24,30,42,48,60,66} constructed in Lemmas
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TABLE VIII
BASE CODEWORDS OF GDCs IN LEMMA 6.3

Types

Codewords

2951

(11,41,22,82)
(12,62,72,92)
(21,81,42,72)
(01,191, 52,72)
(01,21,201,82)

(11,21,221,62)
(21,51,61,121)
(015 1327627 182)
(0172117142,12)
(01,221,102,22)

(01,32,112,192)
(01,51, 152,212)
(11,141,92,229)
(11,42,112,212)

(11,81,191, 152)
(11,91,181,132)
(21,161,211,02)
(21,181, 142,32)

(21,41,102,192) (11,114, 142,182)
(22,32,152,172)  (11,121,131,151)
(01,131,129,202) (11,201, 122,162)
(01,162,172,222) (21,132,172,202)

2125‘1

(01,31,91,82)
(11,02,52,72)
(01,222,42,72)
(01,21,12,252)
(01,81,62,102)
(11,21,232,62)

(11,42,92,272)
11,61,281,32)
21,51,61,111)
01,202,92,242)
01,71,111,241)
11,124,261, 22)

(11,151,82,182)
(11,41,101,207)
(11,91,202,262)
(21,121,131772)
(21,222,52,282)

(21,261,192, 32)
(21,281,82,132)
(21,41,271,172)
(21,91,112,272)
(21,92,152,182)

(22,241,102,02) (11,217, 152,282)
(22,52,162,202) (11,212,172,252)
(01,221,251,132) (21,191, 162, 249)
(01,271,152,162) (21,212,102,262)
(11,102, 112,122) (21,2571, 122,202)

21551

(01,41,61,22)
(22,62,72,82)
(01,12,92,132)
(01,31,131,62
(01,81,91,20,

)
)
(11,81,02,342)
(11,91,42,232)

(

(

(

(

(

(21,262, 52,82)
(21,71,32,212)
(01,161,282,42)
(01,191,331, 82)
(01,11,311,212)
(01,341,242,52)
(01,51,301,172)

(01,72,182,332)
(02,72,102,172)
(11,141,52,332)
(11,21, 341,282)
(11,22,102,129)
(11,301, 92,222)

(11,321,262, 32)
(11,41,101,172)
(11,51,182,312)
(11,671,252, 322)
(11,72,112,302)
(21,111, 92, 252)

(21,151,321, 12)
(21,311,42,202)
(21,331,122, 72)
(21,51,222,132)
(21,61,131,182)
(21,81,101,227)

(01,102,232, 312)
(01,129,144,112)
(01,202,222,342)
(01,231,272,302)
(02,212,242,292)
(21,272,112,322)

TABLE IX
BASE CODEWORDS OF GDC OF TYPE 14215 IN LEMMA 7.2

Types

Codewords

142151

(01,172,62,82)
(01,481, 22, 52)
(01,51,12,499)
(01,92,332,32)
(11,21,02,452)
(12,42,92,542)
(01,11,421,1092)
(01,31, 152,452)

(01,41,431,222)
(01,511,232,72)
(01,521,42,1292)
(01,81,352,432)
(01,91,491,149)
(02,451,492, 262)
(11,181,42,482)
(11,211,541,52)

(11,312,22,432)
(11,342,72,522)
(11,31,171,252)
(11,491,352, 32)
(11,41,461,292)
(11,61,501,322)
(11,771,191, 362)
(11,81,372,422)

(11,91, 162,552)

(12,22, 152,482)

(01,111,322,212)
(01,131,171,531)
(01,141, 112,532)
(01,151,342,502)
(01,191,302,512)
(01,201,271,542)

(01,202, 132,552)
(01,241,301,4071)
(01,291,541,192)
(01,311,162,462)
(01,451,372,412)
(01,551,242, 382)
(01,561, 312,362)
(02,122,182, 192)

(11,
(11,
, 382,192,532
(117
(117
,521, 172,262
(12,

111,201,471
149,242,444

)
)
)
43),419,215)
44,155, 405)

)

)

162,412,452
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4.4, 4.6 — 4.8, adjoin two ideal points, and fill in the groups
of size g or m together with the ideal points with GDCs of
types 221 or 275"'1 Wthh are from Lemma 5.1. The results
are GDCs of type . For each desired v = gH'm +1,
we list the type and source of the starting GDC in Table I m

Combining Lemmas 5.1 and 5.2, we have the following re-
sult.

Theorem 5.1: As(n,5,4) = U(n,3) for all integer n = 2
(mod 6), n > 14.

[ |
Lemma 6.2: Asz(n,5,4) = U(n,3) for each n = 5
(mod 6), 17 < n < 71,0or n € {83,89}.

Proof: The required codes are constructed on Z,,, and ob-

tained by developing the elements of Z,, in the codewords listed
in Table VIL +1 (mod n). |

Lemma 6.3: There exists a GDC of type 2“5 and size
2ulut) for each u € {9,12,15).

Proof: Foreachu € {9,12,15},let X,, = {0,1,...,2u+

4}, and G, = {{i,i +u} : 0 < i <wu—1} U {{2u,2u+

VL. CASEOFLENGTHn =5 (mod 6) 1,...,2u+4}}. Then, (X, Gy, Cy) is a GDC of type 25" and
In this section, we determine the value of Az(n,5,4) for all  size w, where C is generated from the codewords listed in
n =5 (mod 6). Table VIII, which are developed under the automorphism group
036 ---2u—3)(147 ---2u—2)(258 --- 2u—1)

L 6.1: A3(11,5,4) = U(11,3). ((
emmda 3(11,5,4) = U(11,3) (2u) (2u + 1)(2u + 2)(2u + 3)(2u + 4)). |

Proof: The desired code is constructed on {0, 1,2, . . .,
with 33 codewords listed next:

(027517817 ) (51762782771 (1017417627 1)
(11,32,51,91) (61,01,91,12)  (101,51,31,22)
(11 79,61,4 1) (61722,42,92 (11 71,927102)
(21,62,91,72)  (81,31,42, 11 (61,71,101, 2)
(22,02,392,41) (91,42,82,09 (62, 12,22,109)
(31,41,91,71)  (92,01,51,21)  (72,12,101,82)
(31,52,01,72)  (92,12,41, 52 (81,21,102,44)
(31,61,82,21) (01,102,82,32 (91,52,81,101).

Lemma 6.4: A3(6u+5,5,4) =
all w > 15.

Proof: For u = 17, take a TD(5,4) from Lemma 2.4, and
apply the Fundamental Construction by giving weight 6 to all
the points in the first four groups and one point in the last group
and weight 0 to the remaining points to get a GDC of type 2461.
Adjoin five ideal points, fill in the groups of size 24 together with
the extra points with a GDC of type 2'25!, and fill in the group
of size 6 together with the extra points with an optimal code of
length 11 to get the desired code.

Foru € {12,15,16} or u > 18, the proof is similar to that of
Lemma 5.2. Take the GDCs of types gim?! for g € {18, 24,30}
and m € {18,24,30,42,48,60,66} constructed in Lemmas

U(6u+5,3) foru =12 and
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TABLE X
BASE CODEWORDS OF SOME SMALL GDCs IN LEMMA 7.3

Types

Codewords

11231

(01,11,21,52)
(31,51, 12,42)
(01,41,141,12)
(01,62, 82,102)

(01,71,121,42) (11,51,131,72) (21,62, 112,12)
(02,12,82,122) (21,111,42,72) (31,52,92,122)
(11,141,22,82) (21,141,32,92) (32,131,12,22)

(11,41,71,112) (21.61,131,02) (01,51,101,145)

(11,101,62,122)

(31,41,101,132)
(11,31,102,142) (32,42,112,122)
(31,111,121,22) (01,112,22,132)

11831

(11,02,72,82)
(01,11,91,181)
(01,32, 72,132)

(11,31,71,112)
(01,201,42,152)
(11,191,62,102)

(11,42,172,192)
(01,161,102,202)
(11,144, 152,202)

(01,131,62,82)
(01,22, 52, 142)

(01,191,92,112) (01,151,162, 172)
(01,81,111,121) (11,132,162, 182)

12431

(11,51, 02,62)
(01,32,42,112)
(01,41,51,212)
(01,81,101,92)

(02,12,32,102)
(11,42,92,152)
(01,241,222,22)

(01,31, 162, 182)
(01,61,122,202)
(01,91,111,132)

(11,111, 212,82)
(11,261,72,102)
(11,41,122,259)

(11,71,121,192) (12,62,152,242)
(11,81,182,262) (01,251
(11,91,101,251) (11,181,232,242)

,152,192)

13031

(11,51,61,71)
(01,12, 32,272)
(01,21,321,92)
(01,22,42,232)

(01, 52,62, 132)
(11,02,42,122)
(01,111, 301,82)
(01,51,191,102)

(01,91, 161, 282)
(11,131,72,142)
(11,231,92,192)
(11,301,32,182)

(11,321,52,262)
(11,41,111,232)
(11,82,242,322)
(01,112, 142, 245)

(01,151,252, 312)
(01,162,172,292)
(01,241, 152,202)
(01,261,182, 302)

(117 1017 1811 281)
(11,102,162,212)
(11,152,292,312)

13631

(11,61,71,42)
(01,21,91, 142)
(11,41, 252,32)
(01,101,172,62)
(01,222,272,12)

(01,51,112,262)
(01,81,111,362)
(11,117,282,02)
(11,151,22,362)
(11,21,211,302)

(11,312,82,143)
(11,31, 361,292)
(11,51,141,192)
(11,52,322,352)
(11,91,202,172)

(01,121, 162,202)
(01,132, 152,2452)
(01,141,381,232)
(01,161,182,192)

(01,361,302, 102
(02,132, 145,375
(02,192, 245,265
(11,131,201, 24,

)
)
)
)

(11,332,
(11,371,
(01,292,
(11,161,

132,212)
162,232)
332,372)
221, 115)

14231

(01,302, 12,82)
(01,71,91,431)
(02,52,92,421)
(11,412,52,82)

(01,51, 142,
(01,671,232,
(01,81, 352,
(02,12,172,

(11,311,92,112)
(11,322,402,42)
(11,41, 252,362)
(11,81,181,242)

(01,131,141,252)
(01,192,382,432)
(01,221,261,371)
(01,241,332, 262

(115
(113

101,121,152
111,262,302
(11,142, 332,382
(11,161,441,292

)
)
)

(11,91, 221,442)
(01,102, 392, 402
(01,441,182, 202

)
(01,11,122,282) (11,151,191,72)

(01,31,292,412)

(11,201,371,02)

)
(12,112 322,352%
)

) )
(01,301, 242,342) (11,171,342,192) (11,211,372,22;

4.4, 4.6 —4.8. Adjoin five ideal points, fill in the groups of size
g together with the ideal points with GDCs of type 225! from
Lemma 6.3, and fill in the group of size m together with the
ideal points with optimal codes of length m + 5 from Lemma
6.2. The results are optimal codes of length gt + m + 5. ]

Combining Lemmas 6.1, 6.2, and 6.4, we have the following
result.

Theorem 6.1: Az(n,5,4)
(mod 6), n > 11.

=5

= U(n,3) for all integer n

VII. CASEOF LENGTHn =3 (mod 6)

In this section, we determine the value of A3(n,5,4) forn =
3 (mod 6).

Lemma 7.1: A3(15,5,4) = U(15,3).

Proof: The required code is constructed on Z;5 with 67
codewords, which are composed of two parts. The first part con-
tains the two codewords (01, 32, 61,121) and (02, 62,91, 123).
The other part consists of 65 codewords as follows.

Each of the following 13 codewords will be generated to five
codewords by applying the following maps f for s € [0, 4] to
every element a; of a codeword, where

fs(ai) = b1+U/15J with
be[0,14], b=a+6s (mod 15),
§€[0,29], j =a+15i+6s (mod 30):
(01,11,41,72) (31,85, 115,01) (31,132, 41, 145)
(31,42,21,15) (41,61,111,82)  (41,129,21,144)
(01,101,62,21) (017102 125,71) (51,131,145,69)
( ( (
(

and

117217517102) 017917111 131) 21711171217132)
217327717112)

Lemma 7.2: There exists a GDC of type 14215! and size 987.
Proof: Let X = {0,1,...,56},and G = {{i} : 0 < ¢ <

41} U {{42,43,...,56}}. Then, (X,G,C) is a GDC of type
14215 and size 987, where C is generated from the codewords
listed in Table IX, which are developed under the automorphism
group ((0 24 --- 40)(1 35 --- 41)(42 43 44)(45 46 47)
(48 49 50)(51 52 53)(54 55 56)). |

Lemma 7.3: There exists a GDC of type 1"733! and size
%, and therefore, A3(n,5,4) > U(n,3)—1, for each
n € {15,21,27,33,39,45}.

Proof: For each n € {15,21,27,33,39,45}, let X,, =
{0,1,...,n—1},and G,, = {{i} : 0 < i < n—4}U{{n—-3,n—
2,n — 1}}. Then, (X,,,G,,C,) is a GDC of type 1" 33! and
size w, where C,, is generated from the codewords
listed in Table X, which are developed under the automorphism
group G as indicated next.

Forn=15,G = ((048)(159)(2610)(3711)(12 13 14)).

For n € {21,27,33,39,45}, G ((024...n —
5(135...n—4)(n—3n—2n—1)). |

Lemma7.4: A3z(n,5,4) =U(n,3)foralln =3 (mod 12)
and n > 51.

Proof: Take a GDC of type 12" from Lemma 3.6, adjoin
three ideal points, fill in the first w — 1 groups together with the
ideal points with GDCs of type 1'23!, and fill in the last group
together with the ideal points with an optimal (15,5, 4)3 code

to obtain the required codes. |

Lemma7.5: A3(n,5,4) =U(n,3)foralln =9 (mod 12)
and n > 57.

Proof: For n = 57, take a GDC of type 1*215! from

Lemma 7.2, and fill in the group of size 15 with an optimal
(15,5,4)3 code to get the desired code.
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For eachn € {69, 81,93, 105,117,129}, take a GDC of type
12%18! for 4 < w < 9 from Lemma 3.7. Adjoin three ideal
points. Fill in one group of size 12 together with the ideal points
with an optimal (15,5,4)s code, and fill in the other groups
together with the ideal points with GDCs of types 1123 or 11831
to get an optimal (n, 5,4)3 code.

For n = 141, take a {4}-GDD of type 295! (see [18]), and
apply the Fundamental Construction with weight 6 to all the
points to get a GDC of type 12°30'. Adjoin three ideal points,
fill in one group of size 12 together with the extra points with
an optimal (15,5, 4)3 code, and fill in the other groups together
with the extra points with GDCs of types 1'23! or 13931 to get
the desired code.

For n = 177, take a {4}-GDD of type 285'8! (see [16]),
and apply the Fundamental Construction with weight 6 to all
the points to get a GDC of type 12830148, Adjoin three ideal
points, fill in the group of size 48 together with the three extra
points with an optimal (51,5,4)3 code, and fill in the other
groups together with the extra points with GDCs of types 11231
or 13931 to get the desired code.

For n = 189, take a TD(7,8) from Lemma 2.4. Apply the
Fundamental Construction with weight 3 to all the points in the
first five groups, weight 3 to 6 points in the sixth group, weight 6
to all the points in the last group, and weight O to the remaining
points to get a GDC of type 24°18'48'. Here, the input GDCs
of types 3°6' and 356! are from Lemmas 2.6 and 3.4. Adjoin
three ideal points, fill in the group of size 48 together with the
extra points with an optimal (51, 5, 4)3 code, and fill in the other
groups together with the extra points with GDCs of types 12431
or 11831 to get the desired code.

Forn € {153,165} orn > 201, take a TD(6, ¢) from Lemma
2.4. Apply the Fundamental Construction with weight 6 to all
points in the first four groups, x points in the fifth group, two
points in the last group, and weight 3 to another point in the last
group. The other points are given weight 0. The result is a GDC
of type (6t)*(6x)'15" forx = 0 or 3 < x < t. Fill in each
group of the GDC with suitable optimal codes of lengths 6¢, 6z,
or 15 from Theorem 4.1 and Lemma 7.1 to get optimal codes of
length 6(4t 4 ) 4+ 15, where 4¢ 4 x can take 23, 25, or any odd
integer no less than 31. ]

Combining the aforementioned lemmas, we have the fol-
lowing theorem.

Theorem 7.1: As(n,5,4) = U(n,3) for n = 15 and all
n=3 (mod 6),n > 51; A3(n,5,4) > U(n,3) — 1 for each
n € {21,27,33,39,45).

VIII. CONCLUSION

In this paper, we determine almost completely the spectrum
of sizes for optimal ternary CWCs of weight 4 and distance 5.
We summarize our main results of this paper as follows.
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Theorem 8.1: For any integer n > 4,
(1, ifn=4
2, ifn=>5
4, ifn==6
7, ifn="7
As(n,5,4) = ¢ 13, ifn =8
19, ifn=9
|3 2272 ]|, itn>10andn g {12,13,
\ 21,27,33,39,45,52},

snsane [|3 |22 - [ 22 ]

for each n € {12,21,27,33,39,45}, A5(13,5,4) €
and A3(52,5,4) € [872,884].

48, 52],
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