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Optimal Ternary Constant-Weight Codes
With Weight 4 and Distance 5

Hui Zhang, Xiande Zhang, and Gennian Ge

Abstract—Constant-weight codes (CWCs) play an important
role in coding theory. The problem of determining the sizes for
optimal ternary CWCs with length , weight 4, and minimum
Hamming distance 5 (� � ��� code) has been settled for all
positive integers �� or �� and � ���	 
� with

�
 �� �� undetermined. In this paper, we investigate the
problem of constructing optimal � � ��� codes for all lengths

with the tool of group divisible codes. We determine the size of
an optimal � � ��� code for each integer � leaving the
lengths �� �
 �� �
 

 
� �� �� unsolved.

Index Terms—Constant-weight codes (CWCs), group divisible
codes (GDCs), ternary codes.

I. INTRODUCTION

C ONSTANT-WEIGHT codes (CWCs) play an important
role in coding theory [26]. Binary CWCs have been ex-

tensively studied by many authors with the focus of attention
on the function , which denotes the maximum cardi-
nality of a binary code of length , minimum Hamming distance

, and constant weight .
Nonbinary CWCs have not received the same amount of

attention, but there have been a number of papers dealing
with this topic, see for example [3]–[5], [7], [11], [12], [25],
[29], [32]–[36], and [40], due to several important applications
requiring nonbinary alphabets, such as the coding for band-
width-efficient channels [9] and the design of oligonucleotide
sequences for DNA computing [24], [27].

In [29], some methods for providing upper and lower bounds
on the maximum cardinality of a ternary code with
length , minimum Hamming distance , and constant weight

were presented, and a table of exact values or bounds in
the range was also given. We list the exact values of

for codes with length no greater than 10 in Table I.
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TABLE I
BOUNDS ON � ��� �� �� FOR � � ��

Generalized Steiner systems were first intro-
duced by Etzion [10] and used to construct optimal CWCs over
an alphabet of size with minimum Hamming distance

, in which each codeword has length and weight . A
lot of work has been done on the existence of a ;
see, for example, [2], [8], [10], [13]–[15], [17], [21]–[23], [30],
[31], [37], and [39]. In [23], Ji et al. proved that a
exists if and only if and with the pos-
sible exceptions . Equivalently, we have the
following lemma.

Lemma 1.1: For any integer , , and
, there exists an optimal code with

codewords.
The concept of group divisible codes (GDCs), an analog of

group divisible designs (GDDs) in combinatorial design theory
[16], was first introduced by Chee et al. in [6]. This new class of
codes is shown to be useful in recursive constructions of CWCs
and constant-composition codes. In [40], GDCs have played a
significant role in constructing CWCs with weight 4 and min-
imum Hamming distance 6. In this paper, we continue to inves-
tigate the construction of optimal codes for all lengths

with the tool of GDCs. We determine the size of an optimal
code for each integer leaving eight lengths of

unsolved.
This paper is organized as follows. In Section II, basic

notations and results in coding theory and combinatorial design
theory are given. In Section III, we shall construct some small
GDCs which will be used in the following sections. From
Sections IV to VII, we will give the constructions for optimal

codes case by case. A brief conclusion will be given
in the last section.

II. PRELIMINARIES

For integers , the set is denoted by
. The ring of integers modulo , , is denoted by ,

and the set of nonnegative integers is denoted by . For any
two sets and , denotes the Cartesian product, i.e.,

.

A. -Ary CWCs

If and are finite sets, denotes the set of vectors of
length , where each component of a vector has value
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in and is indexed by an element of , that is,
and for each .

A -ary code of length is a set for some of
size . The elements of are called codewords. The Hamming
norm or the Hamming weight of a vector is defined
as . The distance induced by this
norm is called the Hamming distance, denoted by , so that

, for . For any vector ,
define the support of as .

A code is said to have (minimum Hamming) distance if
for all distinct . To simplify the presen-

tation, when we talk about the distance of a code, we always
mean the minimum Hamming distance of the code. If
for every codeword , then is said to be of (constant)
weight . A -ary CWC of length , distance , and weight
is denoted as an code. The number of codewords in
an code is called the size of the code. The maximum
size of an code is denoted as , and the

codes achieving this size are said to be optimal.
The following bound for has been established by

Svanström [34].

Lemma 2.1 ([34]):

In the rest of this paper, we will use to denote

. It is well known that when
; hence, we get the following upper bound.

Lemma 2.2: .

B. Designs

A set system is a pair such that is a finite set of
points and is a set of subsets of , called blocks. The order
of the set system is , the number of points.

For a set of nonnegative integers , a pairwise balanced de-
sign ( -PBD) is a set system of order , such that

for all , and every pair of distinct elements of
occurs in exactly one block of . If an element is

“starred” (written ), it means that the PBD has exactly one
block of size .

Lemma 2.3 ([28]): There exists a -PBD with
if and only if , and

1) or and or ; or
2) or and or .
Let be a set system and be a par-

tition of into subsets, called groups. The triple is a
GDD when each pair of elements of not contained in a group
appears in exactly one block, and for all and

. Denote a GDD by -GDD if for all

. The type of the GDD is the multiset . An
“exponential” notation is usually used to describe the type: type

denotes occurrences of , .
A -GDD of type is also called a transversal design and

denoted by .

Lemma 2.4 ([1]): Let be a positive integer. Then
1) a exists if ;

2) a exists if ;
3) a exists if ;
4) a exists if is a prime power.
As stated in [10] and [39], a -ary CWC over

can be constructed from a given -GDD of type ,
, where

and is the distance of the resulting code. For each block
, we form a codeword of

length by putting in position , , and zeros
elsewhere. A -GDD of type which forms a code with
distance is called a generalized Steiner system, denoted
by .

The following definition of frame generalized Steiner system
was first introduced by Ji et al. in [23] to construct generalized
Steiner systems.

Let and be a partition of into
subsets of size , . Suppose

is a -GDD of type .
For each block , we ob-
tain a codeword of length by putting in position ,

, and zeros elsewhere. If the resulting code has distance
, we call such a -GDD a frame generalized Steiner

system (or shortly a frame) of type , and denote it by
frame- . It is clear that a
is also a frame- .

C. Group Divisible Codes

Given and , the constriction of to , written
, is the vector such that .

Conversely, given and , the extension of to
, written , is the vector such that

if ;
if .

Given a set , let .
A -ary GDC of distance is a triple , where

is a partition of with , and is
a -ary code of length , such that for all distinct

, and for all , . Elements of
are called groups. We denote a GDC of distance

as - if is of constant weight . The type of a GDC
is the multiset . As in the case of GDDs,

the exponential notation is used to describe the type of a GDC.
The size of a GDC is . Note that an code
of size is also a -ary - of type and size .

The aforementioned notations were first introduced by Chee
et al. in [6]. By the definition of a frame-GS, we have the fol-
lowing lemma.

Lemma 2.5: If there is a frame-
with blocks, then there is a -ary - of
type and size .

Taking the frame-GSs given in [23], we have the following
lemma.

Lemma 2.6: There exist ternary 4- s of type and
size 60, type and size 120, type and size for
each , and type and size for each

.
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The direct constructions of a code or a GDC in this paper are
always based on the familiar difference method, where a finite
group (mostly abelian group ) will be utilized to generate all
the codewords of a code or a GDC. Thus, instead of listing all the
codewords, we list a set of base codewords and generate others
by an additive group or perhaps some further automorphisms.

To save space, for each codeword of a code or
a GDC, we always list the set and use a subscript to de-
note the value of for each . The automorphism
group employed always acts on the supports of the base code-
words with the subscripts fixed, if it is not mentioned.

Example 2.1: Let , and
. Then, is a ternary 4- of type and size

120, where is the set of all cyclic shifts of the codewords:

Or equivalently, we can say that is obtained by developing
the elements of in the supports of following codewords

with the subscripts fixed:

It is easy to see that this ternary 4- of type is
also an optimal code since its size reaches the upper
bound in Lemma 2.2.

Example 2.2: Let , and
. Then, is a ternary 4- of type

and size 64, where is obtained by developing the elements
of in the following supports of codewords
with the subscripts fixed:

Example 2.3: Let , and
. Then, is

a ternary 4- of type and size 276, where
is generated from the following codewords, whose

supports are developed under the automorphism group
with

the subscripts fixed:

The following constructions are simple but useful, which are
given in [6].

Construction 2.1 ([6]): (Fundamental Construction) Let
, be a GDD, and be a

weight function. For any subset , let
. Suppose that for each , there exists a -ary

- of type
and size . Then, is a -ary

- of type and size .

Example 2.4: Take a from Lemma 2.4
and apply the Fundamental Construction with weight 4 to every
point (that is, for any ). For each , there
is a ternary 4- of type and size 64 by Example 2.2
(we call it an input GDC). The result is a ternary 4- of
type and size 1600.

Construction 2.2 ([6]): (Filling in Groups) Let
. Suppose is a -ary - of size . Suppose

further that for each group , there exists a
code of size . Then, is an
code of size .

Example 2.5: Take the ternary 4- of type and
size 1600 from Example 2.4. We have an optimal
code by Example 2.1. Fill in all the groups with this optimal
code. The result is an optimal code.

Remark: There is an obvious generalization of Construction
2.2 that allows filling in groups with small GDCs to obtain
GDCs of larger size. For example, if we fill in all the groups of
the ternary 4- of type in Example 2.5 with ternary
4- s of type and size 120, the result is a ternary
4- of type and size 2080.

Construction 2.3: (Inflation) Let . Suppose
is a -ary - of size . Let

and . Suppose further that there is a
, ,

for any codeword . For each , form a codeword
with for and zero else-

where. Then, is a -ary - of
type and size .

Example 2.6: There is a by Lemma 2.4. Take the
ternary 4- of type and size 144 from Lemma 2.6.
By Inflation, we obtain a ternary 4- of type and
size 2304. We also call this procedure inflating the ternary
4- of type by 4.

Construction 2.4 ([6]): (Adjoining Points) Let .
Suppose is a -ary - of size . Let be a
set of size disjoint from and . Suppose further
that

1) for a fixed group , there exists a
code of size ;

2) for any group , there exists a -ary
- of type

and size .
Then, is an

code of size .
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TABLE II
TYPE AND SOURCE OF STARTING GDCS IN LEMMA 5.2

TABLE III
BASE CODEWORDS OF SMALL GDCS OF TYPE �

Example 2.7: Here is an optimal code, which is
obtained by developing the elements of in the following sup-
ports of codewords with the subscripts fixed:

Take the ternary 4- of type and size 2304 from
Example 2.6. Adjoin six ideal points. Fill in the first three groups
together with the six extra points with ternary 4- s of
type and size 276 from Example 2.3, and fill in the last
group together with the six extra points with the aforementioned
optimal code. The result is an optimal
code.

In the sequel of this paper, we only consider ternary CWCs
with weight 4 and distance 5, so we simply denote the ternary
4- as GDC.

III. SOME SMALL GDCS AND OPTIMAL CODES

In this section, we present some small GDCs and optimal
codes, which are required in establishing subsequent results.

Lemma 3.1: There exists a GDC of type and size
for each .

Proof: For each , let , and
. Then,

is a GDC of type and size , where is obtained
by developing the elements of in the codewords listed in
Table III .

Lemma 3.2: There exists a GDC of type and size 224.
Proof: Let , and

. Then, is a GDC of type and size 224,
where is obtained by developing the elements of in the
following codewords :

Lemma 3.3: There exists a GDC of type and size
for each .

Proof: For each , let , and
. Then,

is a GDC of type and size , where is obtained
by developing the elements of in the following codewords

:
:

:

:
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TABLE IV
BASE CODEWORDS OF SOME SMALL GDCS IN LEMMA 3.7

For , inflate GDCs of type (see Example
2.1, Lemmas 2.6 and 3.1) by 3 to obtain the required GDCs.

Lemma 3.4: There exists a GDC of type and size 162.
Proof: Let , and

. Then, is a GDC of
type and size 162, where is generated from the following
codewords, which are developed under the automorphism group

:

Lemma 3.5: There exists a GDC of type and size
for each .

Proof: For each , let
, and

. Then, is a GDC of type
and size , where is generated from the following

codewords, which are developed under the automorphism group
:

:

:

Lemma 3.6: There exists a GDC of type and size
for all .

Proof: When or and , there exists
a -PBD by Lemma 2.3. Deleting one point from
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the point set gives a -GDD of type . When or
and , there exists a -PBD

by Lemma 2.3. Remove one point not contained in the block of
size 7 from the point set to obtain a -GDD of type .
Hence, we always have a -GDD of type for any
and .

Start from the aforementioned -GDDs of type , and
apply the Fundamental Construction with weight 4 to obtain
GDCs of type for all and . Here, the input
GDCs of types and exist by Example 2.2 and Lemma 3.2.

For , take a -GDD of type (see [19]), and apply
the Fundamental Construction with weight 3 to obtain the re-
quired GDC. Here, the input GDC of type is from Lemma
2.6.

Lemma 3.7: There exists a GDC of type and size
for each .

Proof: For each , let
, and

. Then, is a GDC of type
and size , where is generated from the

codewords listed in Table IV, which are developed under the
automorphism group as indicated next.

For
.

For ,
.

For ,
.

Lemma 3.8: There exists a GDC of type and size 72.
Proof: Let , and

. Then, is a GDC of type
and size 72, where is generated from the following

codewords, which are developed under the automorphism group
:

We have the following improvement on for
.

Lemma 3.9: ,
, and .

Proof: For , the required code is constructed on ,
and obtained by developing the elements of in the following
codewords :

For , the desired code is constructed on
with 48 codewords listed next:

For , take a GDC of type from Lemma 3.6. Adjoin
four ideal points, fill in each of the first three groups together
with the ideal points with a GDC of type from Lemma
3.8, and fill in the other group together with the ideal points
with an optimal code to get the desired code.

IV. CASE OF LENGTH

In this section, we focus our attention on the determination
of for . For , we have the
following lower bound.

Lemma 4.1: .
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TABLE V
BASE CODEWORDS OF SMALL OPTIMAL ��� �� �� CODES FOR � � � ���� 	�

TABLE VI
BASE CODEWORDS OF GDC OF TYPE 
 
� IN LEMMA 4.3
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Proof: The desired code is constructed on
with 41 codewords listed next:

Lemma 4.2: for each
, , or .

Proof: For , the required code is constructed in
Example 2.7. For the other lengths , the required codes are
constructed on , and obtained by developing the elements of

in the codewords listed in Table V .

Lemma 4.3: There exists a GDC of type and size
2211.

Proof: Let , and
. Then is a GDC of type

and size 2211, where is generated from the codewords
listed in Table VI, which are developed under the automorphism
group

.

Lemma 4.4: There exists a GDC of type and size
for all .

Proof: For and , the proof is similar to that of
Lemma 3.6. Here, the input GDCs of types and are from
Lemmas 2.6 and 3.3.

For , inflate a GDC of type (see Lemma 3.3) by 3 to
obtain the required GDC.

Corollary 4.1: for all .
Proof: Take GDCs of type from Lemma 4.4 and fill in

all the groups with optimal codes from Lemma 4.2.
The results are optimal codes for all .

Lemma 4.5: for each
.

Proof: For , take the GDC of type in Lemma
4.3 and fill in the group of size 18 with an optimal
code to get the desired code.

For , the desired code is constructed in Example 2.7.

Lemma 4.6: There exist GDCs of type and size
for all with .

Proof: Take a from Lemma 2.4, and apply the
Fundamental Construction with weight 6 to all points in the first
four groups, points in the fifth group, and points in the
last group, where or , . The
other points are given weight 0. The input GDCs of types ,

, and are from Lemmas 2.6 and 3.3. The result is a GDC
of type . Adjoin 18 ideal points, and fill in
the first five groups together with the ideal points with GDCs of
types or to get a GDC of type .
The result is a GDC of type with , where

can take any integer no less than 31.

Corollary 4.2: for all
with .

Proof: Take the GDCs of types for all with
from Lemma 4.6. Fill in the groups of the GDCs

with suitable codes of small lengths from Lemma 4.2 to obtain
the desired codes.

Lemma 4.7: There exist GDCs of type and size
for each , ,

with .
Proof: Take a from Lemma 2.4 and apply the

Fundamental Construction with weight 6 to all points in the first
four groups, points in the last group, and points in the th
remaining group for , and weight 0 to all the other
points to get a GDC of type for

, . The input GDCs of type
for are from Lemmas 2.6 and 3.3. Adjoin 18 ideal
points, and fill in the groups together with the ideal points with
GDCs of type except for the group of size to get a GDC of
type for , .
The result is a GDC of type for ,

, with .

Corollary 4.3: for each
with .

Proof: Take the GDCs of types for each
, , with from

Lemma 4.7. Fill in the groups of the GDCs with suitable codes
of small lengths from Lemma 4.2 to obtain the desired codes.

Lemma 4.8: The following GDCs all exist:
1) type and size for ;
2) type and size for ;
3) type and size for ;
4) type and size for ;
5) type and size 14592;
6) type and size 8400.

Proof: The required GDCs of types for
are obtained by inflating GDCs of types (see Lemmas 2.6 and
3.3) by 4.

The GDCs of types for are obtained by
inflating GDCs of types (see Lemmas 2.6 and 3.3) by 5.

The GDCs of types for are ob-
tained by applying the Fundamental Construction with weight
4 to -GDDs of type (see [20, Th. 1.6]).

For GDCs of types for , take a
from Lemma 2.4, and remove a point to get a -GDD of
type . Apply the Fundamental Construction with
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TABLE VII
BASE CODEWORDS OF SMALL OPTIMAL ��� �� �� CODES FOR � � � ���� ��

weight 6 to all the points in the groups of size 4 and three points
in the group of size , and weight 0 to the remaining points.
The result is a GDC of type .

For a GDC of type , take a and remove a
point to get a -GDD of type . Apply the Fundamental
Construction with weight 6 to all the points in the groups of
size 4 and five points in the group of size 7, and weight 0 to the
remaining points to obtain a GDC of type .

For a GDC of type , take a , apply the Fun-
damental Construction with weight 6 to all the points in the first
five groups, 4 points in the last group, and weight 0 to the re-
maining points to obtain a GDC of type .

Corollary 4.4: for each
with or .

Proof: Take the GDCs constructed in Lemma 4.8. Fill in
the groups of the GDCs with suitable codes of small lengths
from Lemma 4.2 to obtain the desired codes.

Summarizing Lemmas 4.1, 4.2, and 4.5, and Corollaries 4.1
– 4.4, we obtain the main result of this section.

Theorem 4.1: for all integer
, ; .

V. CASE OF LENGTH

In this section, we will determine the value of for
all . It is easy to prove that if there exists a
GDC of type and size for , then
we have an optimal code.

Lemma 5.1: There exists a GDC of type and size
for each , , or .

Proof: For , the required
GDCs are from Examples 2.1 and 2.5, and Lemmas 2.6 and 3.1.

For each , take a GDC of type for
(see Lemma 3.6). Adjoin two ideal points and fill in

the groups together with the ideal points with GDCs of type
to obtain a GDC of type .

For each , take a GDC of type for
(see Lemma 3.7), adjoin two ideal points, and fill in the

groups together with the ideal points with GDCs of types or
to obtain the required GDC.

Lemma 5.2: There exists a GDC of type and size
for each , or .

Proof: Take the GDCs of types for
and constructed in Lemmas
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TABLE VIII
BASE CODEWORDS OF GDCS IN LEMMA 6.3

TABLE IX
BASE CODEWORDS OF GDC OF TYPE � �� IN LEMMA 7.2

4.4, 4.6 – 4.8, adjoin two ideal points, and fill in the groups
of size or together with the ideal points with GDCs of
types or which are from Lemma 5.1. The results
are GDCs of type . For each desired ,
we list the type and source of the starting GDC in Table II.

Combining Lemmas 5.1 and 5.2, we have the following re-
sult.

Theorem 5.1: for all integer
, .

VI. CASE OF LENGTH

In this section, we determine the value of for all
.

Lemma 6.1: .
Proof: The desired code is constructed on

with 33 codewords listed next:

Lemma 6.2: for each
, , or .

Proof: The required codes are constructed on , and ob-
tained by developing the elements of in the codewords listed
in Table VII .

Lemma 6.3: There exists a GDC of type and size
for each .

Proof: For each , let
, and

. Then, is a GDC of type and
size , where is generated from the codewords listed in
Table VIII, which are developed under the automorphism group

.

Lemma 6.4: for and
all .

Proof: For , take a from Lemma 2.4, and
apply the Fundamental Construction by giving weight 6 to all
the points in the first four groups and one point in the last group
and weight 0 to the remaining points to get a GDC of type .
Adjoin five ideal points, fill in the groups of size 24 together with
the extra points with a GDC of type , and fill in the group
of size 6 together with the extra points with an optimal code of
length 11 to get the desired code.

For or , the proof is similar to that of
Lemma 5.2. Take the GDCs of types for
and constructed in Lemmas
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TABLE X
BASE CODEWORDS OF SOME SMALL GDCS IN LEMMA 7.3

4.4, 4.6 – 4.8. Adjoin five ideal points, fill in the groups of size
together with the ideal points with GDCs of type from

Lemma 6.3, and fill in the group of size together with the
ideal points with optimal codes of length from Lemma
6.2. The results are optimal codes of length .

Combining Lemmas 6.1, 6.2, and 6.4, we have the following
result.

Theorem 6.1: for all integer
, .

VII. CASE OF LENGTH

In this section, we determine the value of for
.

Lemma 7.1: .
Proof: The required code is constructed on with 67

codewords, which are composed of two parts. The first part con-
tains the two codewords and .
The other part consists of 65 codewords as follows.

Each of the following 13 codewords will be generated to five
codewords by applying the following maps for to
every element of a codeword, where

Lemma 7.2: There exists a GDC of type and size 987.
Proof: Let , and

. Then, is a GDC of type
and size 987, where is generated from the codewords

listed in Table IX, which are developed under the automorphism
group

.

Lemma 7.3: There exists a GDC of type and size
, and therefore, , for each

.
Proof: For each , let

, and
. Then, is a GDC of type and

size , where is generated from the codewords
listed in Table X, which are developed under the automorphism
group as indicated next.

For , .
For ,

.

Lemma 7.4: for all
and .

Proof: Take a GDC of type from Lemma 3.6, adjoin
three ideal points, fill in the first groups together with the
ideal points with GDCs of type , and fill in the last group
together with the ideal points with an optimal code
to obtain the required codes.

Lemma 7.5: for all
and .

Proof: For , take a GDC of type from
Lemma 7.2, and fill in the group of size 15 with an optimal

code to get the desired code.
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For each , take a GDC of type
for from Lemma 3.7. Adjoin three ideal

points. Fill in one group of size 12 together with the ideal points
with an optimal code, and fill in the other groups
together with the ideal points with GDCs of types or
to get an optimal code.

For , take a -GDD of type (see [18]), and
apply the Fundamental Construction with weight 6 to all the
points to get a GDC of type . Adjoin three ideal points,
fill in one group of size 12 together with the extra points with
an optimal code, and fill in the other groups together
with the extra points with GDCs of types or to get
the desired code.

For , take a -GDD of type (see [16]),
and apply the Fundamental Construction with weight 6 to all
the points to get a GDC of type . Adjoin three ideal
points, fill in the group of size 48 together with the three extra
points with an optimal code, and fill in the other
groups together with the extra points with GDCs of types
or to get the desired code.

For , take a from Lemma 2.4. Apply the
Fundamental Construction with weight 3 to all the points in the
first five groups, weight 3 to 6 points in the sixth group, weight 6
to all the points in the last group, and weight 0 to the remaining
points to get a GDC of type . Here, the input GDCs
of types and are from Lemmas 2.6 and 3.4. Adjoin
three ideal points, fill in the group of size 48 together with the
extra points with an optimal code, and fill in the other
groups together with the extra points with GDCs of types
or to get the desired code.

For or , take a from Lemma
2.4. Apply the Fundamental Construction with weight 6 to all
points in the first four groups, points in the fifth group, two
points in the last group, and weight 3 to another point in the last
group. The other points are given weight 0. The result is a GDC
of type for or . Fill in each
group of the GDC with suitable optimal codes of lengths , ,
or 15 from Theorem 4.1 and Lemma 7.1 to get optimal codes of
length , where can take 23, 25, or any odd
integer no less than 31.

Combining the aforementioned lemmas, we have the fol-
lowing theorem.

Theorem 7.1: for and all
, ; for each

.

VIII. CONCLUSION

In this paper, we determine almost completely the spectrum
of sizes for optimal ternary CWCs of weight 4 and distance 5.
We summarize our main results of this paper as follows.

Theorem 8.1: For any integer ,

if
if
if
if
if
if

if and

,

for each , ,
and .
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